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Background Neural Networks

Neural Networks

Feed forward models that maps input to proper output → Complex
non linear function approximators.

Each layer maps input to output with a function f depending on the
layer type.

Learnable parameters of the NN are optimized via backpropagation.
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Graph Neural Networks (GNNs) Introduction

Idea

Question: Can NN be applied to graph
structured data?

3 Data are always data
3 Nodes embeddings corresponds to

pixel values in images
7 Graphs may vary significantly in size

and structure
7 Edges density variability makes

everything more complex

Answer: Yes, with some adjustments...

Agiollo et al. (UniBo) GNN IW, 2021 4 / 29



Graph Neural Networks (GNNs) Introduction

Idea

Question: Can NN be applied to graph
structured data?

3 Data are always data

3 Nodes embeddings corresponds to
pixel values in images

7 Graphs may vary significantly in size
and structure

7 Edges density variability makes
everything more complex

Answer: Yes, with some adjustments...

Agiollo et al. (UniBo) GNN IW, 2021 4 / 29



Graph Neural Networks (GNNs) Introduction

Idea

Question: Can NN be applied to graph
structured data?

3 Data are always data
3 Nodes embeddings corresponds to

pixel values in images

7 Graphs may vary significantly in size
and structure

7 Edges density variability makes
everything more complex

Answer: Yes, with some adjustments...

Agiollo et al. (UniBo) GNN IW, 2021 4 / 29



Graph Neural Networks (GNNs) Introduction

Idea

Question: Can NN be applied to graph
structured data?

3 Data are always data
3 Nodes embeddings corresponds to

pixel values in images
7 Graphs may vary significantly in size

and structure

7 Edges density variability makes
everything more complex

Answer: Yes, with some adjustments...

Agiollo et al. (UniBo) GNN IW, 2021 4 / 29



Graph Neural Networks (GNNs) Introduction

Idea

Question: Can NN be applied to graph
structured data?

3 Data are always data
3 Nodes embeddings corresponds to

pixel values in images
7 Graphs may vary significantly in size

and structure
7 Edges density variability makes

everything more complex

Answer: Yes, with some adjustments...

Agiollo et al. (UniBo) GNN IW, 2021 4 / 29



Graph Neural Networks (GNNs) Introduction

Idea

Question: Can NN be applied to graph
structured data?

3 Data are always data
3 Nodes embeddings corresponds to

pixel values in images
7 Graphs may vary significantly in size

and structure
7 Edges density variability makes

everything more complex

Answer: Yes, with some adjustments...

Agiollo et al. (UniBo) GNN IW, 2021 4 / 29



Graph Neural Networks (GNNs) Introduction

What are GNNs?

1. Start from graph structure.

2. Apply GNN to the graph.

3. Obtain graph with meaningful representation (hidden state h) of
nodes w.r.t. the whole graph and the task under consideration.
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Graph Neural Networks (GNNs) Introduction

What are GNNs similar to?

The target of GNN is to learn a state embedding hi ∀i ∈ [0, . . . , n]
which contains information of the node and its role in the
neighbourhood and in the graph.

Similar to Neural Networks embedding techniques in Natural
Language Processing (Word2Vec [8], BERT [5], etc.).

Embedding learning is only part of the whole pipeline. Learnt
embedding is usually followed by simple classification/regression
techniques.
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Graph Neural Networks (GNNs) Spectral-based Convolutional GNN

Intuition

Idea: Treat graph as a signal x ∈ Rn. It is a feature vector of all
nodes in a graph where xi is the value of the ith node.

Laplacian matrix of graph [1] plays a similar role as the Fourier basis
in signal processing.

L = In −D−1/2AD−1/2

where:

· In is the identiy matrix in Rn.
· A is the adjacency matrix of the graph.
· D is a diagonal matrix of node degrees such that Dii =

∑
j Ai,j .

Laplacian matrix can be factorized into:

L = UΛUT

where:

· U = [u0, u1, . . . un−1] ∈ Rn×n is the matrix of eigenvectors ordered by
eigenvalues.
· Λ is the diagonal matrix of eigenvalues.
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Graph Neural Networks (GNNs) Spectral-based Convolutional GNN

Intuition

It is possible to compute the graph Fourier transform of a signal
(graph) x and its inverse:

F(x) = x̂ = UTx

F−1(x̂) = x = Ux̂

A filter g ∈ Rn can now be applied to the graph using convolution:

x ∗ g = F−1 (F(x)� F(g)) = U
(
UTx�UT g

)
where:

· ∗ denotes the convolution operation
· � denotes element-wise multiplication

Idea: consider g as a set of learnable parameters [2, 4] and update
the graph signal h = x ∗ g.
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Graph Neural Networks (GNNs) Spectral-based Convolutional GNN

Issues

L can be computed only for undirected graphs
→ information loss.

To compute L the whole graph knowledge is
required → does not scale well.

Eigenvector computation is required →
inefficient.

Eigenvector may change rapidly between
different graph structures → no generalization
to multiple graphs.

Number of nodes in graph is required to be
fixed → can not handle heterogeneous graphs.
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Graph Neural Networks (GNNs) Spatial Convolution

Convolution in images

Convolutional filters applied to images aggregate infromation of pixels
close to each other.

Images are graphs where nodes (pixels) have a fixed set of neighbours.

Can we aggregate information over a variable set of neighbours?
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Graph Neural Networks (GNNs) Spatial Convolution

Intuition

Idea 1: Nodes in a graph constantly exchange information with
neighbouring nodes until a stable equilibrium is reached.

⇓
Message passing
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Graph Neural Networks (GNNs) Spatial Convolution

Intuition

Idea 2: Information received from neighbourhood is aggregated at
node level with local information.

⇓
Information aggregation
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Graph Neural Networks (GNNs) Spatial Convolution

Intuition → math

h
(t)
i = γ(t)

(
h
(t−1)
i , ]

j∈N(i)
φ(t)

(
h
(t−1)
i , h

(t−1)
j , e(j,i)

))
where:

· hti defines the node v hidden state at time t

· N(i) defines the set of nodes that are neighbours of i

· e(j,i) is the feature vector of the edge between j and i.

· φ denotes a differentiable function → Message passing.

· ] denotes a differentiable, permutation invariant function →
Aggregation.

· γ denote a differentiable function → Information transformation.
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Graph Neural Networks (GNNs) Spatial Convolution with Recurrent Operators
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Graph Neural Networks (GNNs) Spatial Convolution with Recurrent Operators

Recurrent Operators

Message passing & information aggregation translates well into
recurrent operators [9].

Node’s hidden state h
(t)
i is recurrently updated using a contraction

function f until convergence.

Aggregation function ] is a simple summation.

h
(t)
i =

∑
j∈N(i)

f
(
xi, e(j,i), xj , h

(t−1)
i

)

...

, , , 
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Graph Neural Networks (GNNs) Spatial Convolution with Recurrent Operators

Considerations

Pros:

3 Simplicity.

3 Drop graph dependency.

3 High-level information of nodes
and graphs.

Cons:

7 Do not consider variability in
iterations of message passing.

7 Require states convergence to
work properly.

7 f usually manually tuned.
Complex implementation of
learnable f [7].
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Graph Neural Networks (GNNs) Spatial-based Convolutional GNN
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Graph Neural Networks (GNNs) Spatial-based Convolutional GNN

Surpass recurrent operators

Select τ : the number of layers of the GNN.

The final learned graph representation will be the set of

h
(τ)
i ∀i ∈ [0, . . . , n].

Each layer corresponds to one step of:

1. Message passing
2. Information aggregation
3. Information transformation

Important: Depending on the particular layer any of the three
operations can be learned. Most of the times transformation.
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Graph Neural Networks (GNNs) Spatial-based Convolutional GNN

GCNConv [6]

Standard message passing.

Aggregate via summation.

Learnable transformation.

h
(t)
i = W

 ∑
j∈N(i)∪i

ej,i√
d̂id̂j

h
(t−1)
j


where:

· W is the set of learnable parameters of the GCNConv layer.
· d̂i = 1 +

∑
j∈N(i)

ej,i is the degree of node i with a self cycle added.
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Graph Neural Networks (GNNs) Spatial-based Convolutional GNN

GINConv [10]

Learnable weighted message passing.

Aggregate via summation.

Learnable transformation.

h
(t)
i = W

(
(1 + ε)h

(t−1)
i

∑
j∈N(i)

h
(t−1)
j

)
where:

· W is the set of learnable parameters of the GINConv transformation.
· ε is learnable parameter which balances the importance of node vs

neighbourhood information.
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Graph Neural Networks (GNNs) Spatial-based Convolutional GNN

PNAConv [3]

Learnable weighted message passing.

Parametrized (learnable) aggregation.

Learnable transformation.

h
(t)
i = W1

(
h
(t−1)
i , ⊕

j∈N(i)
W2

(
h
(t−1)
j , h

(t−1)
i

))
where:

· W1, W2 are two sets of learnable parameters of the PNAConv
transformation.
· ⊕ is a parametrized aggregation function.
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Graph Neural Networks (GNNs) Spectral-based vs Spatial-based CGNN
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Graph Neural Networks (GNNs) Spectral-based vs Spatial-based CGNN

Spectral-based vs Spatial-based CGNN

Spectral-based:

3 Theorethically sound.

7 Eigenvector → Inefficient.

7 Eigenvector → Poor
generalization.

7 Whole graph knowledge
required.

7 Undirected graphs are required.

Spatial-based:

7 Experimentally successful.

3 Message passing → Efficient.

3 Local message passing → Better
generalization.

3 Computation can be performed
in batch of nodes.

3 Edges information can be
incorporated easily.
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Applications Nodes Classification

Nodes classification

Idea: Each node in the graph must be assigned to a certain class,
depending on the properties of the node.

Class 1
Class 1

Class 0

Class 0

Class 1 Class 1
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Applications Nodes Classification

Examples

Fake account detection in social networks

Input: Accounts in a social network.

Aim: Identify fake accounts.

Intrusion Detection Systems

Input: Network of interconnected devices.

Aim: Identify malicious/infected devices.
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Applications Graph Classification

Graph classification

Idea: Given a set of graphs, classify each graph into a class.

Class 0

Class 0

Class 1
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Applications Graph Classification

Examples

Molecule identification

Input: Molecules.

Aim: Classify molecules depending on natural properties.

Sentiment analysis

Input: Graph representing text.

Aim: Identify sentiment of author.

Image classification

Input: Image.

Aim: Assign label to image.
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Applications Link Prediction

Link prediction

Idea: Forecast pairs of nodes that will form a link in the future.
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Applications Link Prediction

Examples

Friendship creation

Input: Social network graph.

Aim: Predict new friendships.

NN structure optimization

Input: Graph representing structure of a Neural Network.

Aim: Predict links that improve performance.

Predicate completion & Induction in LP

Input: Logic programming predicates.

Aim: Automatically produce new predicates logically linked with the
ones given.
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Applications Graph Generation

Graph generation

Idea: Given a set of real graphs, generate unseen graphs with
characteristics similar to given real graphs.
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Applications Graph Generation

Examples

NN generation

Input: Graphs representing structures of a Neural Networks.

Aim: Structure of Neural Network with improved performance.

Molecule generation

Input: Graphs representing structures of molecules used in
pharmacology.

Aim: Unseen molecules to be used in drugs.

Explainable image captioning

Input: Image.

Aim: Graph of relations between objects in the image.
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Greetings

Thanks for your attention!
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